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Thank you!

Thanks for being here, and for inviting me — it’s a pleasure to be here!
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NCAA Division III football playoff
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Methods for rating teams

Many rating methods exist [6]

Different hypotheses

Goal: Evaluate or predict?

▸ margin of victory
▸ home/away
▸ recency
▸ injuries
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Prof. Kenneth Massey

Massey ratings [8]

honors project, 1997

BCS component, 1999–2013

model hypothesis:
margin of victory = difference in
team ratings

▸ Knights 19, Pioneers 14 ⇒
rate Wartburg 5 points
higher than UWP
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A slight problem with the Massey ratings?

ARC 2025: selected results [1]

Dubuque 34, Loras 27 D − L = 7
Central 35, Dubuque 16 C −D = 19
Central 45, Loras 27 C − L = 18

Wartburg 33, Dubuque 7 W −D = 26
Wartburg 40, Loras 20 W − L = 20
Wartburg 28, Central 13 W − C = 15

0 = (D − L) + (C −D) − (C − L)

= 7 + 19 − 18 = 8
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Massey

in matrices

ARC 2025

D − L = 7
C −D = 19
C − L = 18

W −D = 26
W − L = 20
W − C = 15

Matrix form

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 −1 0
1 −1 0 0
1 0 −1 0
0 −1 0 1
0 0 −1 1
−1 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

C
D
L
W

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

7
19
18
26
20
15

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

X r⃗ = y⃗
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Statistics to the rescue

No r⃗ solves X r⃗ = y⃗

Definitely solvable: X ⊺X r⃗ = X ⊺y⃗

▸ This gives the least-squares estimate for a solution of X r⃗ = y⃗ !
(Legendre 1805: Nouvelle méthodes pour la détermination des orbites
des comètes [7], though matrix products are due to Cayley 1858 [4])

▸ And X ⊺X , X ⊺y⃗ are predictable.

New issue: too many solutions!

Why not make the sum zero?

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 −1 0
1 −1 0 0
1 0 −1 0
0 −1 0 1
0 0 −1 1
−1 0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

C
D
L
W

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
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⎥
⎥
⎥
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Predicting the final score

Massey’s offense/defense ratings

New model hypothesis: Rate each team’s offense and defense.

Wartburg 28, Central 13 ⇐⇒ { WO − CD = 28,
CO −WD = 13.

Twice as many variables, twice as many equations!

ARC 2025

Offense Defense

Offense + Defense Massey

Central 30.2 Wartburg 13.0

Wartburg 42.3 15.25

Wartburg 29.3 Central 2.4

Central 32.6 5.5

Loras 29.1 Dubuque −2.1

Dubuque 17.6 − 9.5

Dubuque 19.7 Loras −13.3

Loras 15.8 − 11.25
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Comparing offenses to defenses

Massey’s offense/defense ratings

Sum of defense ratings is 0.

Average of offense ratings is mean points per game ≈ 27.1.
Change to 50/50?
. . . and translate average to 0?

ARC 2025

Offense Defense Offense + Defense

Central 30.2 Wartburg 13.0 Wartburg 42.3
Wartburg 29.3 Central 2.4 Central 32.6
Loras 29.1 Dubuque −2.1 Dubuque 17.6
Dubuque 19.7 Loras −13.3 Loras 15.8
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Loras 29.1 Dubuque −2.1 Dubuque 17.6
Dubuque 19.7 Loras −13.3 Loras 15.8
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Comparing offenses to defenses

Massey’s offense/defense ratings

Sum of defense ratings is 0.

Average of offense ratings is mean points per game ≈ 27.1.
Change to 50/50?

. . . and translate average to 0?

ARC 2025

Offense Defense Offense + Defense

Central 16.7 Wartburg 26.5 Wartburg 42.3
Wartburg 15.8 Central 15.9 Central 32.6
Loras 15.5 Dubuque 11.4 Dubuque 17.6
Dubuque 6.2 Loras 0.3 Loras 15.8
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Comparing offenses to defenses

Massey’s offense/defense ratings

Sum of defense ratings is 0.

Average of offense ratings is mean points per game ≈ 27.1.
Change to 50/50?
. . . and translate average to 0?

ARC 2025

Offense Defense Offense + Defense

Central 3.1 Wartburg 13.0 Wartburg 15.3
Wartburg 2.3 Central 2.4 Central 5.5
Loras 2.0 Dubuque −2.1 Dubuque −9.5
Dubuque −7.4 Loras −13.3 Loras −11.3
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Implementation

Scaling the method

Rating 4 teams: feasible by hand

32 teams: automate!

▸ Accurate, uniform data is vital.

James Swenson (UWP) Rating NFL offenses and defenses 11-25-2025 11 / 27



Implementation

Scaling the method

Rating 4 teams: feasible by hand

32 teams: automate!
▸ Accurate, uniform data is vital.

James Swenson (UWP) Rating NFL offenses and defenses 11-25-2025 11 / 27



Implementation
def original_massey(games_between, points_for, points_against, teams):

label = [] # list of units

unit_rating = dict()

team_count = 0

index = dict() # index[x] holds position of unit x in label

for x in teams:

index[x]=team_count

label.append(x)

team_count += 1

P = np.zeros((team_count, team_count), dtype=int)

T = np.zeros((team_count, team_count), dtype=int)

f = np.zeros(team_count)

a = np.zeros(team_count)

for pair in games_between: # pair looks like (’MIN’, ’GB’), and appears in both orders

P[index[pair[0]]][index[pair[1]]] += len(games_between[pair]) # number of pairwise matchups

T[index[pair[0]]][index[pair[0]]] += len(games_between[pair]) # number of games played

for team in teams:

f[index[team]] += points_for[team]

a[index[team]] += points_against[team]

mat = T-P

point_diff = f-a

mat[-1] = np.ones(team_count) # create unique solution while forcing sum of ratings to 0

point_diff[-1] = 0

rating = np.linalg.solve(mat, point_diff)

rating_def = np.linalg.solve(T+P, T.dot(rating)-f) # see Who’s #1, p. 12

rating_off = rating-rating_def

for team in teams:

unit_rating[team+’_off’] = rating_off[index[team]]

unit_rating[team+’_def’] = rating_def[index[team]]

return unit_rating, label, teams, mat, point_diff
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Midwest Sports Analytics Meeting

2018 Keynote Address: Tim Chartier
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The Game within the Game

MLB player ratings [5], [12]

Chartier mentioned a project
done at Furman University:

▸ Prof. John Harris
▸ Prof. Kevin Hutson
▸ Will Decker
▸ Jordan Lyerly
▸ Aaron Markham
▸ Rob Picardi

Treat each player as a team!
Each at-bat is its own game,
pitcher vs. batter.
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The Game within the Game

“Subgames” in the NFL

Car ride home with Ben Collins
(Epic Systems): The football
analogue of an at-bat is a drive,
and the analogue of a batter
(pitcher) is an offense (defense).

With Dan Swenson (Black Hills
State University): Turn this idea
into computations, and figure
out how to evaluate it!
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Expected points and team ratings

Football: evaluating a drive [11]

Teams could, for example, be judged
by how they perform relative to ex-
pectation. . . . If the offensive team
begins at their 25-yard line and scores
a field goal then they have earned 3
points, 2.76 more than might have
been expected at the start of the
possession. The contributions of the
offense, defense, and special teams
could be measured separately.

— Hal S. Stern
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Implementation

2025 NFL ratings (through Week 11∗)

64 “teams,” 3149 “games”: Computers are necessary!

Accurate, uniform data is vital.

▸ Play-by-play data: nflfastR [2]
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Implementation

2025 NFL ratings (through Week 11∗)

64 “teams,” 3149 “games”: Computers are necessary!

Accurate, uniform data is vital.
▸ Play-by-play data: nflfastR [2]

Description

Drive: ARI vs. NO wk 1 (Punt --- 7 plays from NO 35, 2 yards, 0 points, -2.39 EPA, -4.66% WPA)

Drive: NO vs. ARI wk 1 (Punt --- 4 plays from NO 23, 3 yards, 0 points, -2.97 EPA, -6.20% WPA)

Drive: ARI vs. NO wk 1 (Field goal --- 14 plays from ARI 34, 42 yards, 3 points, 1.42 EPA, 4.03% WPA)

Drive: NO vs. ARI wk 1 (Touchdown --- 16 plays from ARI 35, 75 yards, 7 points, 5.36 EPA, 17.60% WPA)

Drive: ARI vs. NO wk 1 (Touchdown --- 10 plays from NO 35, 65 yards, 7 points, 5.88 EPA, 18.87% WPA)

Drive: NO vs. ARI wk 1 (Field goal --- 12 plays from ARI 35, 37 yards, 3 points, 1.49 EPA, 5.80% WPA)

Drive: ARI vs. NO wk 1 (Touchdown --- 14 plays from NO 35, 71 yards, 7 points, 6.03 EPA, 22.95% WPA)

Drive: NO vs. ARI wk 1 (End of half --- 2 plays from ARI 35, 6 yards, 0 points, -0.60 EPA, -3.39% WPA)

Drive: NO vs. ARI wk 1 (Punt --- 7 plays from ARI 35, 16 yards, 0 points, -2.48 EPA, -0.91% WPA)

Drive: ARI vs. NO wk 1 (Field goal --- 6 plays from ARI 19, 49 yards, 3 points, 2.36 EPA, 7.31% WPA)

Drive: NO vs. ARI wk 1 (Missed FG --- 17 plays from ARI 35, 53 yards, 0 points, -2.86 EPA, -5.49% WPA)

Drive: ARI vs. NO wk 1 (Punt --- 6 plays from ARI 28, 11 yards, 0 points, -2.88 EPA, -1.43% WPA)

Drive: NO vs. ARI wk 1 (Punt --- 7 plays from NO 27, 13 yards, 0 points, -1.68 EPA, -4.17% WPA)

Drive: ARI vs. NO wk 1 (Punt --- 11 plays from ARI 6, 35 yards, 0 points, -0.85 EPA, 1.62% WPA)

Drive: NO vs. ARI wk 1 (Punt --- 5 plays from NO 17, -5 yards, 0 points, -4.24 EPA, -6.31% WPA)

Drive: ARI vs. NO wk 1 (Missed FG --- 8 plays from NO 40, 12 yards, 0 points, -5.09 EPA, -2.54% WPA)

Drive: NO vs. ARI wk 1 (Field goal --- 10 plays from NO 36, 54 yards, 3 points, 1.28 EPA, -0.40% WPA)
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2025 NFL unit rankings — numerically

Team ratings

LA 15.9
SEA 14.9
IND 12.1
HOU 11.9
KC 8.7

⋮
TEN -9.7
CLE -9.7
NYJ -9.8
LV -10.7
CIN -14.2

Offenses

IND 13.8
KC 9.6
BUF 9.0
SF 8.7
DAL 7.8

⋮
TEN -6.6
MIN -7.7
NO -10.6
LV -11.7
CLE -15.6

Defenses

HOU 11.6
SEA 9.6
LA 9.1
CLE 5.9
DEN 5.4

⋮
NYJ -6.1
NYG -6.8
WAS -8.6
DAL -10.8
CIN -15.0
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2025 NFL unit rankings — graphically
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Cross-validation with Massey’s unit rankings
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Predictive power?

How do you evaluate predictions?

Bet a lot of money?

Count correct predictions?

Should predictions be
all-or-nothing?
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Brier score

Evaluating probabilistic predictions

Brier [3]: Score probabilistic forecasts by
mean squared error

Let Xi be a zero-one variable for 1 ≤ i ≤ N.
If you predict that P(Xi = 1) = pi , your
Brier score is

B = 1

N

N

∑
i=1

(pi −Xi)2 .

Low scores are good!

Glenn W. Brier
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Brier [3]: Score probabilistic forecasts by
mean squared error

Let Xi be a zero-one variable for 1 ≤ i ≤ N.
If you predict that P(Xi = 1) = pi , your
Brier score is

B = 1

N

N

∑
i=1

(pi −Xi)2 .

Low scores are good! Glenn W. Brier
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How confident should a point spread make us?

Probability and point spreads

Our ratings measure points per
game, not win probability.

Sports books relate point spreads to
moneyline odds/probability. [10]

Ratings
⇒ point spreads
⇒ probabilities

⇒ Brier score
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How confident should a point spread make us?

Probability and point spreads

Our ratings measure points per
game, not win probability.

Sports books relate point spreads to
moneyline odds/probability. [10]

Ratings
⇒ point spreads
⇒ probabilities

⇒ Brier score

Spread p
0.0 0.5000
0.5 0.5174
1.0 0.5304
1.5 0.5395
2.0 0.5483
2.5 0.5638
3.0 0.5950
3.5 0.6270
4.0 0.6524
4.5 0.6656
5.0 0.6704
5.5 0.6784
6.0 0.6906
6.5 0.7073
7.0 0.7273
7.5 0.7421
8.0 0.7519
8.5 0.7642
9.0 0.7719
9.5 0.7787

10.0 0.7943
10.5 0.8088
11.0 0.8142
11.5 0.8266
12.0 0.8308
12.5 0.8336
13.0 0.8408
13.5 0.8519
14.0 0.8604
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Brier scores by week — 2021–2025
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Thanks!
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